As mentioned by Simone De Liberato [1], when we suppose the metallic thin mirror and perform the renormalization additionally to the approach starting from the frequently-used systemenvironment coupling Hamiltonian, we can certainly resolve the discrepancy of its result from that obtained by the reliable approach in the main discussion of our paper [2] . Although the suggested approach is currently applicable to the specific situation after checking its validity by our reliable but cumbersome approach, we instead propose to start from the system-environment coupling Hamiltonian determined properly by the mechanism of the confinement and loss of the cavity fields. This approach is applicable to any cavity structures in principle, and we do not face the renormalization problem appearing in the comment.
In our paper [2] , we calculated the loss rates of cavity polaritons by the Maxwell's boundary conditions (reliable approach) and by the approach starting from the Hamiltonian of system-environment couplinĝ
which usually supposed in the study of cavity quantum electrodynamics (QED). We found that, in the ultrastrong light-matter coupling regime, the latter approach [called "the rotating-wave approximation (RWA) approach" in the comment] gives inconsistent loss rates compared with those calculated by the reliable approach based on the Maxwell's boundary conditions. Then, we concluded that Eq. (1) is unreliable in the ultrastrong light-matter coupling regime.
In the comment by Simone De Liberato [1] , he suggests that there are two points to be reconsidered in the demonstrations of our paper. Point (I): In the RWA approach, the loss rates of the eigen-modes (lower and upper polaritons) should be properly renormalized with considering the normalization condition of the HopfieldBogoliubov coefficients {w j , x j , y j , z j }. Point (II): The permittivity of the thin mirror should be proportional to η(ω) ∝ ω −2 (Drude model, i.e., the mirror should be metallic), whereas we supposed η(ω) ∝ ω −1 just for simplicity without considering any physical justification. Taking into account these two points, the RWA approach starting from Eq. (1) certainly reproduces the loss rates calculated reliably from the Maxwell's boundary conditions in the main discussion of our paper [2] . Briefly speaking, the comment [1] shows that, in certain situations, Eq. (1) is still usable even in the ultrastrong lightmatter coupling regime.
Let us first discuss Point (II). Since we supposed the infinitely thin mirror [not distributed Bragg reflectors (DBRs)], as pointed out in the comment, it is natural to * E-mail: bamba@acty.phys.sci.osaka-u.ac.jp suppose that the mirror is made of metal when we consider the actual experimental realizations of the ultrastrong light-matter coupling by the intersubband transitions in semiconductor quantum wells [3] and by the molecular materials [4] . Then, it is certainly reasonable to suppose η(ω) ∝ ω −2 , if the permittivity of the thin mirror obeys the Drude model in the wide frequency range of interest. For other cavity structures, e.g., thin mirrors not obeying the Drude model, DBRs, subwavelength structures [5] , split-ring resonators [6] , and transmission line resonators in superconducting circuits [7] , we should reconsider the fundamental mechanisms of the confinement and loss of the cavity fields [8] .
Concerning Point (I), in our paper [2] , we did not perform the renormalization suggested by the comment, and then the RWA approach starting from Eq. (1) gave inconsistent results with the reliable ones. This is the reason why we concluded this approach unreliable. But, why do we need additionally such renormalization of the loss rates calculated from Eq. (1) to reproduce those calculated by the Maxwell's boundary conditions? As seen in Eq. (5) of the comment, the loss rates of polaritons are renormalized to keep them lower than the bare loss rate κ m (ω) of cavity photons. The origin of this additional treatment seems the starting point of the RWA approach, i.e., Eq. (1). This Hamiltonian was supposed in our paper [2] and also in the comment [1] , and it is obtained by performing the RWA on the "original" system-environment coupling Hamiltonian in the basis of "photons" not of "polaritons". In our recent work [8] , we derived the system-environment coupling Hamiltonian based on the fundamental mechanism of the confinement and loss of the cavity fields. The "original" Hamiltonian for the cavity structure supposed in our paper [2] is derived as [8] 
whereĤ(z = 0 + ) is the operator of magnetic field inside the cavity at the cavity mirror (z = 0). When the ultrastrong light-matter coupling is mediated by the electric dipoles, Eq. (2) can be rewritten in the Coulomb gauge and under the definition ofâ in our paper [2] aŝ
where the bare loss rate is defined as
According to "the RWA approach" starting from Eqs. (3) not from Eq. (1), the loss rates of lower (j = L) and upper polaritons (j = U ) are represented as
These expressions certainly reproduces the loss rates calculated by the Maxwell's boundary conditions [2] for arbitrary model of permittivity η(ω) of the thin mirror. Furthermore, starting from Eqs. (3) [or more generally Eq. (2)], we do not need the renormalization that is performed in the comment. This fact implies that the renormalization problem discussed in the comment appears because the starting point Eq.
(1) is obtained by applying the RWA on Eqs. (3) in the photon basis and then the RWA is applied again on Eq. (1) in the polariton basis to calculate the loss rates. When we apply the RWA directly on the "original" Hamiltonians (3) in the polariton basis, the renormalization problem does not emerge.
As mentioned in the comment, the calculation based on the Maxwell's boundary conditions performed in our paper [2] is certainly cumbersome for practical application. We instead propose the following approach: Instead of Eq. (1), the "original" system-environment coupling Hamiltonian should be supposed as Eq. (2), which can be derived by the procedure in our recent work [8] . Applying the RWA on Eq. (2) [or Eqs. (3) when we specify the matters and the gauge] in the basis of true eigen-states of the cavity system (polariton modes in the present case) [8, 9] , we can derive the master equation [9] , quantum Langevin equations [10] , and the loss rates can also be derived. This procedure is applicable to any cavity structures (whose "original" system-environment coupling Hamiltonians can be derived [8] ) in principle and to any matter systems interacting with the electromagnetic fields ultrastrongly, and we do not need the renormalization required by starting from Eq. (1). Instead of the cumbersome treatment in our paper [2] , the complexity is moved to the derivation of the "original" system-environment coupling Hamiltonians, which is in principle determined by the detailed mechanism of the confinement and loss of the cavity fields [8] . As discussed in our recent work [8] , these complexities are reduced to the emergence of another degree of freedom: whether the system-environment coupling is mediated by the electric field or the magnetic one, which are distinguished clearly in the ultrastrong light-matter coupling regime. This work was supported by KAKENHI 24-632 and the JSPS through its FIRST Program.
